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KpaTnaHinne h MHHHMajibHbie ^HSTiOHKTHBHbie 
HOpMaJIbHbie (J)OpMbI nOJIHbIX cftyHKpHH 

K). B. MaKciiMOB* 
n P eMoJIa6 MOTIl h HnnH PAH 


AHHOTail,HH 


IIohth BceM 6yjieBbiM cJ)yHKLi,HHM ot n nepeMeHHbix, hhcjio Hyjiefi k KOTopbix He npe- 
BbimaeT log 2 n — log 2 log 2 n + 1, mojkbt 6biTb conocTaBjieHa HexoTopaa 6yjieBa TyHxpna ot 
2 k ~ l — 1 nepeMeHofi c k HyjiaMH ( no/man (JjyHxpua) Tax, hto cjioacHOCTb peajiH3an,HH Hcxoa- 
Hoii cpyiTKiiHiT b Kjiacce /^HabioiiKTHBiibix HopMajibHbix (p 0 P M (AH®) onpe^ejiaeTca hcxjhohii- 
TejibHO cjiojKHOCTbio peajiH3apHii nojiHoft 4>yHKu;HH. 3 to 6bijio ycTaHOBJieHO paaee b pa6oTax 


(/Kypaiiaeii and KoraH, 1985 >KypaBjieB and KoraH, 1986). 

B flaHHofi pa6oTe ycTaHOBJieHa acHMnTOTHaecxn TOHHaa rpaHupa jpia MHHHMajibHoe hhcjio 
JIHT epajIOB H KOH'blOHKpHH, CO^epJKan],HXCH B AH® nOJIHOH (pyHKn;HH. 


KjiiO'iCBbie cjiOBa: 6yjieBbi (pyHKipin, ,n, H 3 , bK)HXTHBHaa HopMajibHaa (J)opMa. cjioacHOCTb pea- 
JIH3api'IH 6yjieBbIX (pyHKpilfl aHSBIOHXTHBHblMH HOpMajIbHbIMH (pOpMaMH. 


1. BBeAeHHe 

K 3aflaHe nocTpoeHHH npocTbix y h 3 1 no tt k tit b it bi x HopMajibHbix (jxtpM (AH®) SyjieBbix cJmTK- 
ipiil npHBOflHT SojibHioe hhcjio npaKTHHecKHx 3a^aH H3 pa3jmHHBix oSjiacTe® ^HCKpeTHofl on- 
THMH3a, TT HH, tbkhx Kax nocTpoeHHe scjxJieKTHBHBix SMT-cojiBepoB, BBiHHCJieHHe xapaKTepHCTime- 
ckhx TyHKpiiH KjiaccoB b sa^anax MaiiiHHHoro oSynemiH, chhtc3 ynpaBjiHiomHx cxeM h mho- 
rne flpyrne 
KopmyHOB, 

B pa6oTe uccjie^yioTca SyjieBbi TyHKipiH, sa/ianinne b koh'biohkthbhoh HopMajibHon cjjop- 
Me (KH®) npoH3Be^;eHHaMH BH^a 


JKy^paBpeB and AH^peeB, 2009[[}KypaBjieB, 1978]|Boros et al., 2000||Boros et al., 2011 


2009, KopmyHOB, 2012). 


k 

f(x 1 , ..., X n ) = f\ (x** V Tp V ... V Xri' ) (1) 

i= 1 

*Hccjiea,OBamie BbinojiHeHO npn cjaiHaHCOBOii nojmepacxe POOH b paMxax HaynHoro npoexTa N s 14-07-31277 

MOJi_a; a Taxace npn nacTiiaHOii nonyepacxe JIa 6 opaTopmi CTpyxTypHbix MeToyoB aHajiraa yaHHbix b npeycxasa- 
TejibHOM MoaejmpoBamiH OYnM MOTH, rpairr npaBHTejibCTBa PO ;i,or. 11.G34.31.0073. 
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Tpy,TO('MKocTi> ripHMoro nocTpoennH coKparpeHHOH /JHO nyTeM nep('Miio>KeiTM>i cko6ok koht>- 
iohkthbhoh HopM&jibHOH cjiopMBi (KHO) h nocjie^yrorpero ee ynpomeHHH flo MHHHMajiBHoft /JHO 
nocjiyjKHjia tojihkom fljia pa3padoTKH scjxjieKTHBHBix mbto^ob annpoKCHMapHH oiiTHMajiBHBix no 
cjiojkhocth Kan npaBHjio, npn nccjieflOBaHHH cjiojkhocth pe3yjiBTHpyiOHi,eH AHO oiienn- 

BaiOTCH ^Be ocHOBHbie Mepni cjiojkhoctii: dAuna, paBHan nncjiy Bxo^Hm;HX b Hee koht>iohkh;hh, h 
pam, paBHBin cyMMapHOMy nncjiy Bxo^Hirpix b Hee jinTepanoB. ,U,H3 r bioHKTHBHaH HopMajiBHaa cjiop- 
Ma c HanMeHBiHHM 3HaneHneM paHra Ha3BiBaeTcn MunuMaAbnou, a c MiiHiiMajiBHBiM hhcjiom 

koht>iohkh;hh — Kpamuauuieu. Ilofl Auneunou Mepon cjiojkhocth mbi dygeM nomiMaTB npo- 

H3BojiBHyio BBinyKjiyio KOMdimapmo ^jihhbi h paHra. BnepBBie yKa3aHHan Mepa dbuia onpe^ejieHa 


b padoTe ( Be6e p, 1979 ). PaccMOTpeHHe jumeHHBix Mep cjiojkhocth MOTHBHpoBaHo HesKBHBajieHTHo- 
CTBIO nOHHTHH MHHHMajIBHOH H KpaTHaHHiefi AHT. yCTaHOBJieHHOH K). H. TKypaBjieBBiM B pa6oTe 


d>KypaBjieB, 1960 ). 

C.B. 5Kjiohckiim, K).II. TKypaBjieBBiM, AT. ^bhkohobbim h ^pyniMH Hccjie^oBaTejiHMH 6 bijio 
noKa3aHo, hto npn ,n,ocTaTOHHo MajioM HHCJie cko6ok b npoH3Be,n;eHHH [Q bo3mo>khbi scjxjieKTHBHBie 


MeTo^Bi nocTpoeHiia AHO 6jih3khx k MHHHMajibHBiM h KpaTHaiimiiM (/KypaBjieB and KoraH, 1985 


>KypaBjieB and KoraH, 1986 ^bhkohob, 2001 Gbhkottob. 2002) 


B odrpeM cjiynae, cjiojkhoctb npeodpa30BaHHH KHO b / 1 HO ypcTaTonno Bejimca, hto He no 3 - 


BojisieT ocyrpecTBHTB ero b npocTpaHCTBe dojiBinoii pa3MepHocTH (Golea et al., 1997). TeM He MeHee 


b padoTe (MvypaBjieB and KoraH, 1985) 6bijio noxasaHo, hto ecjin hhcjio coMHOJKHTejiefi b npoH3- 
Be^eHHH [T] He npeBocxo/iirr k = log 2 n — log 2 log 2 n + 1 , to nocTpoeHHe hckomoh GHT cbojihtch 
k nocTpoeHHio ylHT HeKOTopon (|)\tikh;hh ot cynycTBeimo MeHBmero HHCJia nepeMeHHBix h npn 
3tom cjiojkhoctb cBefleHHH HeBejiHKa. Bojiee Toro, nonTH Bee Hcxopnrie c})yiTKiuiiT c yica3aHHBiM hhc¬ 
jiom Hyjiefi h nepeMeHHBix cbo^hmbi k o^hoh ii toh nee dyjieBoii cjiyHKrpiH, Ha3BaHHon b padoTe 
( >KypaaneB and KoraH, 1985 ) uoahou. 

OcHOBHBIM pe3yjIBTaTOM HaCTOHIgeH padoTBI HBJIHeTCH no^xofl, n03B0JIJH0ru;HH CTpOHTB aCHMnTO- 
THHeCKH MHHIIMajIBHBie no BCeM JIHHeHHBIM MepaM CJIOJKHOCTH flJIH IHHpOKOrO KJiaCCa dyjieBBIX 

(JiyHKpHH. B HaCTHOCTH, n p (XT JT O /K G T T T T BT C B padoTe ajiropHTMBI nOSBOHHrOT CTpOHTB H aCHMnTOTHHe- 
CKII MIIHHMajIBHyiO H aCHMnTOTIIHeCKH KpaTHaHHiyiO /IHO flJIH nOJIHOH (jiyHKpHH. 


2. TepMHHOJiorHa 

B ^aHHOH padoTe HcnojiB30BaH pn,n cTaH^apTHBix TepMHHOB TeopHH dyjieBBix cjiyHKipiH, onpe^ejieH- 


HBIX B padoTaX Q5IdjIOHCKHH, 2010| |/I,BgKOHOB, 2001[ ) . KpaTKO HanOMHHM OCHOBHBie H3 HHX. 

MaTpnpeH Hyjiefi Mf dyjieBofi cjiyHKpHH f(xi,X 2 , ■■■, x n ) HBjineTCH MaTpupa, no cTpoxaM KOTopon 
nocjieflOBaTejibHo BBinHcaHBi Bee pa3JiiiHHBie Hyjin cjiyHKpHH /. Odo3HaHHM MB'"''?* no^MaTpHpy 
MaTpnpBi M, HaxoflHipyiocH Ha nepeceneHHH ctpok co cTojidpaMii MaTpnpy, He 

coflepncamyio o^HHaKOBBix ctpok, Ha30BeM mecmoM. 

IIojIOJKHM /j/, : — MIIO/KeCTBO BCeX dyjieBBIX BeKTOpOB pa3MepHOCTH k; B\\ II Bl MIIO/KeCTBO 
dyjieBBix BeKTopoB, nepBan Kooixyniiara KOTopnix paBHa 0 hjih 1 cooTBeTCTBeHHo; nycTB \k. n\ = 
k,k + l,k + 2, ...,n — pejIOHHCJieHHBIH OTpe30K OT k pp n BKJHOHHTejIBHO, odo3HaHHM [n] OTpe30K 
[ 1 , n\, a x : Bk —i > [2 k — 1 ] — (B3aHMHo-o^,H03HaHHoe) oTodpanceHne 3a^;aHHoe npaBHjioM 


X ((di,..., (jfc)) — <Ji2 a 1 + d22 A J + ... + crfc2 c 
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3HaHemie x( x ) naaoBeM HOMepoM, a mhhhmym H 3 HHCJia epHHHii, h Hiicjia Hyjiefl Ha30BeM eecoM 
BeKTopa x,x G B k . 

JlnTepajioM 6ypeM Ha3BiBaTB SyjieBy nepeMeHHyio hjih ee oTpupamie. Jlnrepaji Xi accopnnpyeM 
co ctoji6h;om Mm, a jiHTepaji Xi c — noxooppnHaTHBiM oTpapaHHeM cTojiSpa MM 1 <i < n. ,U,ajiee 
nop TepMHHOM jiHTepaji 6ypeT nacTo noppa3yMeBaTBCH accopimpoBaHHBifi c hum 6yjieB BexTop. 
ptHSBKJHKpiTIT (KOH'BIOHKpHH) JIHTepajIOB COnOCTaBHM pH3 r bIOHXH;HIo(xOH'BIOHXH;HIo) aCCOpHHpOBaH- 
HBIX C HHMH SyjieBBIX BeKTOpOB. 

OToSpancemie y HHpypnpyeT jiHHefiHBm nopnpox Ha BexTopax H3 B k b cootbctctbhh c eere- 
cTBeHHBiM nopnpxoM Ha ripoo6pa3ax. 06o3HaHHM ero -< x . 06o3HaHHM -< cTaHpapTHBiii HacTHHHBift 
nopupox Ha B k . 

CxaxceM, hto jiHTepaji x” 1 -< (x°‘ -< x xJ J ) pjin cJjyHxpHH /, ecjin cooTBeTCTByroiipie hm ctoji6- 

pBI MaTpnpBI (hjih HX OTpHpaHHH) CBH3aHBI TaXHM )Xe COOTHOHieHHeM OTHOCHTejIBHO HaCTHHHOTO 
nopupxa -<(-< x ). IIop BecoM h HOMepoM jiHTepajia 6ypeM noHHMaTB Bee h HOMep cooTBeTCTByioipHx 
eMy BexTopoB MaTpimpi Hyjiefi. 

OnpepejieHHe 1 Henyjieeou eenmop a G B k na3oeeM pa3AootcuMUM no eenmopaM op eenu 
eunoAnenu cAedymvyue paeencmea 


OL — Cli V Q!2 V ... V Of, <C G, Gp > — G, 0-2 — ••• — <C G, Gj > — 0, 

zde nod cumqoaom <a,/3> nonuMaemcA cmAApnoe npou3eedenue eeKmopoe a u fd. 

OnpepejieHHe 2 HenyAeeou eenmop a G B k na3oeeM opmosonaAbno paaAoatc umum no eenmopaM 
op, ecAU eunoAnenu cAedymiyue paeencmea 


OL — OL\ © OL2 © ••• © Ot-t 

a = op V o >2 V ... V a t 


06o3HaHHM Ifc BexTop pa3MepHocTH k cocTOHipnil tojibxo H3 epHHHp. B cjiynae a — I*. b ycjioBH- 
hx npepnipyipero onpepenemra Ha30BeM BexTopa {g;}* =1 opmosonaAtnuM pa3AootcenueM edunuyu. 
3aMeTHM, hto ecjin BexTop a pa3Jio>xHM no BexTopaM {Gj}; e /, to y(a) > y(G;),2 G I. 

B TeopHH cjiojxhocth M[H© TpapnpHOHHo paccMaTpHBaioTCH Taxne xapaxTepncTHXH, xax hhcjio 
jiHTepajioB jiHTepajioB h xoht>iohxh;hh BxopHipnx HH©. Hhcjio jiHTepajioB HH© D o6bihho o6o3Ha- 
HaeTcn rank(D), hhcjio xoht>iohxh;hh D o6o3HaHaeTcn \D\ hjih term(D). B pa6oTe (Be6ep, 1979) 

paCCMaTpiIBajIHCB IipOH3BOJIBHBie BBinyXJIBI^] XOMSHHapHH HHCJia JiHTepajioB H HHCJia XOHT.IOHXPHII 

/],H©, pjin xoTopnix b pa6oTe 6ypeT HcnojiB30BaHo o6o3HaneHHe conv a) p(D) = a ■ size(D) + j3 ■ 
term(D), g > 0, /3 > 0, g + /? = 1. B HacTonipefi pa6oTe 6ypyT paccMaTpiiBaTBcn tojibxo onncamibie 
BBIHie MepBI CJIOJXHOCTH. 

IlycTB 7 r n — xjiacc (nHBapHaHTHBix) npeo6pa30BaHHH LQeHHOHa-IIoBapoBa SyjieBBix (JiyHxpHH ot 
n nepeMeHHBix, Taxnx, hto Bcuxoe npeo6pa30BaHne n G 7r n conocTaBjineT ynopupoHeHHOMy HaSopy 
nepeMeHHBix (ap,z 2 , -,x n ) Ha6op (y 1 ,y 2 , = (x^ 1 ,x^ 2 , ...,x^ n ), rpe (n,i n ) — npoH3BojibHasi 

nepecTaHOBxa OTpe3xa [l,n], (J % G {0,1} npn % G [l,n]. Otmctiim, hto SyjieBa (JiyHxpHH h ee o6pa3 

J B opiiramajibHOH pa6oTe TaKne Mepti cjiojkhocth Ha3biBajiHCb jinHeftHbiMii MepaMH. 


(Be6ep, 1979 
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npn ripeo6pa30BaHHH LQeHHOHa-rioBapoBa HMeioT opHTiaKopmo cjiojxhoctb npn npe^CTaBjieHHH hx 
flH3 r bIOHKTHBHBIMH HOpMajIBHBIMH ({lOpMaMH. 

Z|ent>?o Ha3BiBaeTC5i MOHOTOHHan (b cMBicjie oTo6pa>KeHH5i x) ynopnpoHeHHaH nocjiepoBaTejin- 
hoctb tohck H3 Bf. 6e3 noBTopeHHfi b xoTopofl Ka>x;ia>T c.rreyyionyiH tobkb oTjiHHaeTCH ot npepni- 
pyipefi tojibko b opHofi Koop^HHaTe. /J .jin nocjie^oBaTejiBHocTH to Hex ai,a 2 ,a 3 BxopHmpfi b penn 
C, Ha30BeM Tonxy a donoAHumeAbuou , earn ai,a,a^ penn h, xpoMe Toro, «2 ^ ol. Il,enB Ha30BeM 
cuMMempuHHou , ecjiH ee nepBBifi h nocjiepmifi sjieMeHTBi HMeioT opHHaxoBBifi Bee. 

06o3HaHHM Zf MHOJKecTBo Hyjiefi cjDyHxpiin /, a, Nf — MHoxcecTBo ee epHHHp. 

OnpepejiHM BexTopa {e k } k =1 paBeHCTBaMii e k i+l = X -\V)^ <i<k. 

KoH't.ioHxpHH K Ha3BiBaeTcsi HMnjiHxaHTofi (J)yHxn,Hn f(x 1 , X 2 , ■■■, x n ) ecjiH Nx C Nf. HMnjiH- 
xaHTa K Ha3BiBaeTCH ripocTofi, ecjni H3 K He mo>x('t 6bitb BBinepxHyT hh opini jiHTepaji, Tax hto6bi 
nojiyneHHaH xohmohxphh 6buia HMnjmxaHTofi f(x i,x 2 ,x n ). TepMHHBi npocman uMnAunanma f h 
HecoKpamuMaA kohswhki^ua Bxopmpaa: b coxparpeHHyio ,3,HO c^yHxipm / ynoTpeSjunoTCH b padoTe 
xax CHHOHIIMBI. 

06o3HaHHM PJ? xjiacc dyjieBBix cjiyHxpHfi ot n nepeMeHHBix, HMeionpix b tohhocth k pa3JiHHHBix 
Hyjiefi. ripOH3BOJIBHOH cjiyHXpHH / G /”' COnOCTaBHM (})\TTKIIHIO g G B’l TaXHM o6pa30M, HTO 

1. b MaTpnpe Mf oTcyrcTByioT HyjieBofi h epiiHHHHBifi ctoji6pbi; 

2. o^HHaxoBBie ctoji6pbi b M g pacnojio>xeHBi nocjiepoBaTejiBHo; 

3. pjiH jho6oh napni ctojiGpob, opHH H3 xotopbix HBjineTCH oTpnpaHHeM ppyroro, b MaTpnpe M g 
npncyTCTByeT He dojiee opHoro. 


3aMeTHM, hto HHBapnaHTHBiMH npeo6pa30BaHHHMH LQeHHOHa-IIoBapoBa Bcaxan dyjieBa ({mix- 
up >t, He HMeroipan ctojiSpob Beca 0, Mo>xeT 6bitb 3amicaHa b TaxoM BHpe(c coxpaHeHHeM cjiojxhocth 
b xjiacce ,3,130). ByjieBa cjiyHxpHH: g Ha3BiBaeTCH npaeuAbnou , ecjiH ee MaTpnpa Hyjiefi: ypoBjieTBo- 
pneT ycjioBHHM 1 — 3. Ecjih, xpoMe toto, MaTpnpa Hyjiefi g He copepxcHT opHHaxoBBix crojidpoB, to 
g Ha3BiBaeTCH npueedeunou. 

npHBepemiyio c^yHxpHio, npHHapjiejxaipyio xjiaccy P% k 1-1 Ha30BeM hoahou. 06o3HaHHM 
xjiacc Bcex nojiHBix cjiyHxpHfl, HMeionpix pobho k Hyjiefi. IIojiHyio dyjieBy (JiyHxpHio xjiacca F*,, 
ctoji6pbi Maxpupni Hyjiefi xoTopofi ynopppoHeHBi no B03pacTaHHio b cootb6tctbhh c oTodpancemieM 
X, Ha30BeM xaHOHimecxofi (nojiHofi) cjiyHxpHefi h o6o3HanHM ee F fc . 

IlycTB ind — cjiyHxpHH, conocTaBjunoipaH BCHXOMy SnHapHOMy BexTopy hhcjio ero HeHyjieBBix 
xoMnoHeHT. ,3,ajiee HaM noHapodnTCH erpe opHa nojiHaa cjiyHxpHH Gk, Taxan hto cTOJiSen; MaTpn- 
h;bi Hyjiefi Gk coBnapaeT c cooTBeTCTByiomHM ctoji6h;om MaTpnpBi Hyjiefi F fe , ecjni hhcjio epHHHii; b 
nocjiepHeM He 6ojibine neM k /2, h ponojiHHTejieH x cTojiSpy MaTpnpBi Hyjiefi Fk b npoTiiBHOM cjiynae. 

H3BecTHo (>KypaBjieB and Koran, 1985, 533ypaBjieB and KoraH, 1986), hto BOTxan npaBHjiBHasi 
SyjieBa cjiyHxpHH <fi npepcTaBHMa b BHpe 


D^x i,x 2 , ...,x n ) = D F (x il ,x i2 , ... x u ) V D 2 (x il ,x il+1 , ...,x i2 _i) V ... V D 2 (x it ,x it+1 , ...,x it+1 _ 1 ) (2) 

rpe ii = 1, a i t+ 1 = n + 1; ctoji6u,bi c HOMepaMH i s , i s+ \, ..., i s+ i — 1 paBHBi npn 1 < s < t ; Ha- 
Sop ctoji6h,ob c HOMepaMH coctoht b tohhocth H3 t pa3JiHHHBix ctoji6h;ob. 3pecn Dp B 

cjiopMyjie (J2]) — /IHO cooTBeTCTByiomefi 0 npHBepeHHBifi cjiyHxpHH F, a D 2 (xi a , Xi s+1 ,..., xp +1 _i) = 
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Xi a Xi s+ 1 V Xi s+ iXi s+ 2 V ... V Xi g+ 1 -iXi s ripn 1 < s < t. Otmcthm, hto yxasaHHbiM cnocoSoM motkho 
CBO flHTb nOCTpoeHHe ,Z(HO npOH 3 BOJIbHOH SyjieBOH (l 3 VHKII,HH K IIOCTpoeHHIO ZIIIO COOTBOTCTByiOITyjH 
npHBe^eHHoil (J)yHKpiiH npn stom cjiotkhoctb cBefleHHH jiHHenHa. 

IlycTB flajiee /i — paBHOMepHaa BeponTHocTHaa Mepa Ha MHoxcecTBe SyneBbix cjnyHKipTH 113 1”!'. B 
paSoTax ( >KypaBjieB and KoraH, 1985 yKypaBjieB and KoraH, 1986 ) 6buia ycTaHOBjieHa c.neyyioiuan 
TeopeMa 


TeopeMa 1 IJoumu eceM npaeuAbnuM 6 yjieeuM (fiynKyuAM om n nepeMennux, Komopue uMewm 
ne 6 ojiee k < log 2 n — log 2 log 2 n + 1 nyAeu, npu n —> 00 no fiopMyjie [H cmaeumcn e coomeemcmeue 
noAHaH Sy/ieea gbynnyun. 


B HacTOHipeH pa 6 oTe n poyno.naraeT ot. hto BCHKan paccMaTpHBaeMaa (jmTKiiHM 3a,gana hbito cbo- 
efi MaTpnpeH Hyjiefi. 


IIpHMep 1 PaccMompuM npaeuAbnyw 6 yjieey cftynnyuK) <p(x\, X2, •••, X12) sadannyto Mampuyeu 

/ 110001101100 \ 

_ 111111100001 
M *~ 111110010110 
\ 000000000101 / 

y kcl 3 clhhou cfiynKyuu Mozym 6 urm> conocmaeAenu 2 7 • 7 ! uoahux cftynKyuu, c pasAunnuMU Mam- 
puyaMU nyAeu, e moM uucAe F 4 u G 4 c MampuyaMU nyAeu 
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a /fH@ cfiynKyuu (p npedcmaeuMa e eude 

,x2,...,xi2) (X1X2 V X2X1 ) V (X3X4 V X4X5 V X5X3) V (xg^7 V XyXg) V D F±(x\,xs,xe,x\o,xi 2 A 3 A 9 )' ( 3 ) 

zde Dp 4 — flHO coomeemcmeymiyeu uoahou cpynKyuu. 


3. H3BecTHbie no^xo^bi h pe3yjibTaTbi 


B paSoTax IO.H. TKypaBjieBa h A.K). KoraHa Sbijih npefljio>KeHBi HCTopHnecKne nepBBie pe/iyx- 
pHOHHBIH H annpOKCHMapHOHHOH ajiropHTMBI nOCTpoeHHH ilH 0 > SyjieBBIX (fmTKIIHH C MajIbIM HHC- 


jiom Hyjieft ( >KypaBjieB and KoraH, 1985 >KypaBjieB and KoraH, 1986 ). HaHjiynmHMH TeopeTHne- 
ckhmh opeHKaMH yi;jiHHbi h paHra ,U,H® 113 npefljio>KeHHbix o 6 jia^;aeT pe^yKpnoHHbiH ajiropHTM. ^jih- 
Ha nocTpoeHHOH pe^yKpnoHHbiM ajiropHTMOM fljia nojiHon (J)yHKH,HH acHMiiTOTiinecKH paBHa 

277,(1 + o(l)), a ee paHr paBeH 4n(l + o(l)). BbinncjinTejibHo 6 ojiee scJx^eKTHBHaH Moypic^HKapHH 
3 Toro MeTcyya npe/yioiKeHa b pafxmix (MaxcHMOB, 2012 a MaxcHMOB, 2013 ). 
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CymecTBeHHMM He^ocTaTKOM npefljioaceHHoro ajiropnTMa HBjineTCH ero oTHocHTejiBHan Tpygo- 
eMKOCTB H BBICOKIie TpeSoBaHHH K 17aM >TT H. B HaCTHOCTH, npil nOCTpoeHHH AH® peflyKIJHOHHBIM 
ajiropHTMOM nocjie KajK^ofi npoH3Be,n;eHHOH HTepapmi HeobxoyyiMo 6bijio coxpaHHTB Bee mhohccctbo 
npoMexcyTOHHBix pe3yjiBTaTOB. TaKHM o6pa30M, npn nocTpoeHini AH® nojiHo® fJiyiTKiiiTii ot n ne- 
peMeHHBix TpeSoBajiocB xax MHHHMyM f2(nlog2?7,) 6ht naMaTH fljia xpaHeHHH sjieMeHTOB MaTpnn; 
nojiyaaeMBix b npopecce paboTBi ajiropnTMa. 

Ilos/piee AT. A^kohobbim b pafxrrax ( AkHKOHOB, 2 00f Abmkoiiob. 2 002) 6biji npeypioxceH cy- 

ipeCTBeHHO 6ojiee 3c|x|)eKTHBHBIH B CMBICJie BBIHHCJIHTejIBHOH CJIOJKHOCTH ajiropHTM, n03B0JIiH0iri;HH 
CTpoHTB AHT nojiHoit (J^yHKpHH fljiHHbi acHMiiTOTHHecKH paBHofi n(l + o(l)), oypiaKo paHr nOCTpoeH- 
hoh AH® 6biji paBeH Q(ny/ log 2 n). TaKHM o6pa30M, HecMOTpn Ha othochtcjibho npocTyio npope^ypy 
()6y T TeiIH>T. BpeMH paSoTBI M('TO/IOB, OCHOBaHHBIX Ha AHT. nOCTpoeHHBIX 3THM ajiropHTMOM MO/KCT 
6BITB flOCTaTOHHO 6BIJIO BejIHKO. 

Taioxe AT. ^bhkohobbim b paboTe (Abhkoiiob. 2002) 6biji npefljioaceH tbctobbih noflxofl k no- 
cTpoeHHio AHT. YKa3aHHBiii noflxofl 0Ka3BiBaeTcn ycneniHBiM /yisr nocTpoemiH AI IT byjieBBix (J)vitk- 
h;hh c MajiBiM hhcjiom Hyjiefi y^ocTaToiHO obrpero BHfla, oypiaKO TeoperanecKHe BepxHHe opeHKH ypiii- 
hbi h paHra nocTpoeHHBix hm AH®. b HaCTHOCTH AH® nojiHofi (JiyiTKiiHH, OKB3 BIb aioxc :>t sanacTyio 
chjibho 3aBBimeHHBiMH. HHTepecHoe obobrpeHHe npe^,jio>KeHHoro AT. /I^bhkohobbim MeTo^a flaHo b 
paSoTe (Mubayi et al., 2006). 

B HacTOHipeH paboTe npeflJioiaceH ajiropHTM nocTpoemui All® nojiHon (})\ 7 ttkiihh, yo(:TaB.7>Tio- 
IgHH (aCHMIITOTHHeCKH) MHHIIMajIBHBie H3BeCTHBie OUpHKH H HHCJia JIHTepajIOB, H HHCJia KOH'BIOHK- 
h;hh AH® nojiHon (J)ynKTijnT. Hhcjio jiHTepajioB b nocTpoemiofi hm AH® paBHo 3n(l + o(l)), a 
HHCJIO KOHT.IOHKpHH paBHO 77,(1 + o(l)). IIoKa3aHO, HTO BCe yKa3aHHBie OpeHKH aCHMnTOTHHeCKH 
tohhbi iipn n —> oo. KpoMe toto, npefljiaraeMBifi ajiropHTM nocTpoeHHH AH® nojiHofi cjpyHKpHH, 
TpeSyeT cpaBHHTejiBHo HebojiBinoro obT-eM iiaMHTH, hto no3BOJiaeT HcnojiB30BaTB ero ripn pemeHHH 
npHKjia^HBix 3a/i;a T T. IIpe^BapHTejiBHaH Bepcna /xamToro MCToya anoiTcupoBaiTa aBTopoM b KpaTKOM 
cooSrpeHHH (MaxcHMOB, 2012b). 


4 . Hh^khhh on,eHKa paHra /(HO nojiHon c|)yHKij;HH 


CocednuMu Ha30BeM byjieBBi BeKTopa oypmaKOBofi pa3MepHocTH, HaxoypnrpiecH Ha paccTOHHHH 1 b 
MeTpHKe XeMMHHra. PaccMOTpHM npoii3BOjiBHyio npHBe,n;eHHyio 6yjieBy cjiyHKpHio f(x\,...,x n ) He 
HMeiorpyio coce^HHx HyjieBBix to nex; o6o3HaHHM Mf ee MaTpnpy Hyjiefi: h sacJiHKcnpyeM ee npoH3- 
BOJiBHyio AH® D. 

BygeM cHHTaTB, hto BCHKaH paccMaTpHBaeMasi flajiee koht>iohkh;hh HecoKpaTHMaa, to ecTB hbjih- 
eTCH upocTOH HMnjiHKaHTOH /. AHajiorHHHo 6y3eM nojiaraTB, hto BCHKaa paccMaTpHBaeMaa b stom 
naparpac})c AH® coctoht HCKjiioHHTejiBHo H3 npocTBix HMnjiHKaHT. KpoMe Toro, 6yfleM nojiaraTB, 
hto KajK^an H3 paccMaTpiiBaeMBix flajiee MaTpnii, HBjiHeTCH tcctom. 

B ripopecce yi,oKa3aTejiBCTBa ocHOBHoro y t b e})>Kpei t h>i , HaM GyyeT neoGxo/ipMa e.neyyioiijaH Teo- 
peMa, npHHafljiejKarpaH K). H. XvypaBjieBy (]>IvypaBjieB, 1958]) 


TeopeMa 2 Koh®k)hkv ) ur K nozAomaemctt coeoKynHocmbH) kowswhk'huu Ki,...,K t , ecjiu Bar 
KOH’5K)'HKii ) uu , Komopue noRyuenu euuepKuecmueM AumepaAoe, codepotcaipuxcR e K U3 
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K\,...,K t coomeemcmeeHHo, eunoAneno 

K[ V K! 2 V ... VK' t = l 

ecAU npu amoM, noubmuKyuA, U3 Komopou 6 uau euuepKHymu ece AumepaAU, noAdzuemcA mootcde- 
cmeenHo paenou edunuye. 

Onpe^ejieHHe 3 Pd3pe3onueM Mdmpuyu M, A6AAK>vyeucA mecmoM, ua t, t > 1 uacmeu, Hd3oeeM 
coeoKyrmocm'b nodMdmpuy manux, umo 

1. Mampuyu Mj, M 2 , ...,M t uMemm odunonoeoe hucao cmoAdyoe; 

2. KaoKdaA cmpoKa Mdmpuyu M npucymcmeyem xomA 6u e odnou Mdmpuye Mj, 1 < j < t; 

3. hucao cmpoK Mdmpuyu M coenadaem c cyMMOu hucao cmpoK e Mdmpuyox {Mj}* =1 . 

JleMMa 1 Bcakuu AumepaA cpynKyuu f exodum ue Meuee neM e oduy KOHbmHKyum. 

JleMMa 2 Ltycmb AumepaA xP pa3A00KUM no AwrnepaAaM x° H<S1 . IJycmb (3 = 

(/3i, 02, ••., (3 n ) ~ mama moHKa SyAeeu k y6d, umo /?* = cr*,/?^ = a ix , (3 i2 = a i2 ,..., (3 it = a it . Tosda 
KOH'5'hOHKyu.H K = xPx^xJ 2 • • • x^ t H HOAHemcH donycmuMou dAA f u, 6oAee mozo, K[f3] = 1 

Koh'biohkphio K b ycjiOBHax jieMMBi Ha30BeM KOHBioHKjpien onpe^ejiaeMofi pa3Jio>KeHHeM xf l 

(Jin® 1 (Ti f ®l JJ 

no BeKTopaM x n ,x i2 ,x it . /JpKanceM cjie^yioniyio Banoiyio AeMMy o muhumuai>hom nucAe 
AumepdAoe 

JleMMa 3 PdccMompuM npueedeunym SyAeey (fiyHKyuw f(x\,...,x n ) 3dddHHym Mdmpuyeu uyAeu 
Mf u ue uMewiyyto cMeoKuux nyAeeux monen. 3d$uKcupyeM ee AumepdA xP, a* 6 {0,1}. Cnpueed- 
Aueu CAedyvouyue ymeepoKdenuA 

a. CAyv.au tpuKcupoeauHou /PH@. IJycmt> D — nenomopdA /3H@ gbyunyuu f. BudeAUM e D 
KOHbioHKyuu, codepoKduyue AumepdA xP e KOAunecmee t vumyn. JlumepdA xP exodum eiye kuk 
MUHUMyM e oduy, omAUHnym om eudeAennux, KOHmoHnyum U3 D, ecAU npu ah>6om pd3pe3d- 
huu Mdmpuyu Mf hu t Hdcmeu M\, M 2 , ..., M t cyiyecmeyem muKdA Mdmpuyu Mj, umo dAA 
cfiyHKyuu (pj 3dddHHou Mdmpuyeu, Mj, hu oduu U3 eudeAennux KOH-dWHKyuu ne onpedeAAem 
pd36uenue xf l . 

b. PaenoMepHuu CAyvau. JlumepdA xP exodum ne Meuee neM e t + 1 KountoHnyuK) KdOKdou 
/(H0 cfiyHKyuu f, ecAU npu ak>6om pd3pe3duuu Mdmpuyu Mf ua t Hdcmeu, M\, M 2 ,M t , 
cyiyecmeyem muKdA Mdmpuyu Mj, umo dAA (pynnyuu pj, 3dddHHou Mdmpuyeu Mj, ne cyiye¬ 
cmeyem Hddopu AumepdAoe, o6pu3ywiye30 pu36uenue AumepuAd xP. 

c. KpoMe mo 20 , ecAU npu pu3pe3dnuu Mdmpuyu M hu nucmu M\, M 2 ,M t dAA KdOKdou, 
U3 cpynKyuu, onpedeAAeMux MdmpuyuMu M\, M 2 ,..., M t , cyiyecmeyem (ceoe dAA KdOK¬ 
dou nucmu) pd36uenue AumepuAd xP, nopooKduvouyee npu omoM donycmuMyvo KOH’SfOHKyuw 
f(x i,x 2 , ...,x n ), mo cyiyecmeyem flHO D cpyuKyuu f, mdKoe umo AumepoA xP exodum ne 
SoAee neM e t pu3auhhux KOHntoHKyuu codepoKdiyuxcA e D. 
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Cjie,a,CTBne 3.1 JIumepaA x°' 1 exodum ne Menee ueM e dee kohstohki^uu npou3eoAbHou D, 

ecAU ompuyanun AumepaAoe, codepcncamuxcA e koh‘5K)hkv ) uu K \ xf l , npu K 3 x**, ne o6pa,3yK>m 
pa36uemie x°' 1 . 


^OKcOaTejIbCTBO . OTMeTHM, HTO V TBO J )>K/ieTT H e b (paBHOMepHBIH CJiyHafi) HBJIHeTCH CJTe/ICTBHeM 
yTBepjK^eHHa: jieMMBi b cjiynae KOHKpeTHOH ^H®. B caMOM yejie, H3 cyrpecTBOBaHHa: pa3Jio>KeHHH, no 
jieMMe [2] cjieyyeT cymecTBOBamie kohbiohkphh, ocHOBaHHBix Ha yna3aHHBix pasjTO/KciiHax, n yU I®. 
coyepHcarpeH sth kohbiohkphh. 

^oKanceM cjieycTBHe, He oimpaacB Ha yTBepacyeHHe jieMMBi. CorjiacHo jieMMed] jiHTepaji xf' bxo- 
yHT KaK MHHHMyM B O^Hy KOHBIOHKpHIO K = X^X^X^ 2 ■ ■ ■ X © H3 D. IlyCTB OTpHpaHHH JIHTepajIOB 
H3 K \ x'l' 1 He o6pa3yioT pasSnemie xf l . Kanyriyio cTpony noyMaTpHiiyi MfjV , '"’ H MaTpnuyi Hyjiefi M 
c^yHK TT HH / cjiojkhm nosjieMeHTHO co CTpoKOH (a* © 1, ay, ay,..., ay). IIojiyHeHHyio MaTpnpy o6o3Ha- 
hhm M. Tan KaK oTpnpaHHH jiHTepajioB H3 K \ x°' 1 He o6pa3yioT pa36neHHe x?*, to b nojiyneHHOH 
MaTpnpe ecTB jih6o cTpona cocToaipas: tojibko H3 Hyjieii, jih6o cTpona, HaHHHaiomaa c eyHHHnyi h 
coflepjKarpaa no KpaiiHen Mepe 2 eyHHHnyi. PaccMOTpHM KaacyBifi cjiynaii oTyejiBHo: 

a. B MaTpnpe M ecTB HyjieBaa CTpona. B stom cjiynae b noyMaTpHpe MaTpHnyi Hyjieii 

/ cyrpecTByeT noycTpona (ay ay, cr * 2 ,ay), cjieyoBaTejiBHo koht>iohkph5i K iioKpbiBaeT o^hh 
H 3 Hyjieii ({jyTTK TT TTiT / h He MOHceT bxo^htb b ee AH®. 


MaTpnna M He co/iep>KHT HyjieBBix cTpoK. B stom cjiynae b M coyepatHTCH CTpona c HOMepoM 
r, HaHKHaiomaaca c e jthhh tt bt h coyepacaiyaa no KpaHHen Mepe yBe eynmiyBi. 

06o3HanHM a = (ay a 2 , ■ ay) CTpony MaTpnpBi M c yKa3amiBiM HOMepoM r; /3 — SyjieBy 
CTpony, oTjiHnaiomyiocH ot a TOJibKo b pa3paye c HOMepoM i\ ij HOMep cTojiSya M, TaKofi hto 
ay © 1 = ay. . 3aMeTHM, hto a t — ay 

B CHjiy OTcyTCTBHa y / coceyHHX HyjieBBix ToneK, /(/?) = 1. 


IlycTB K 0 = X\'x 


ai ^Q2 
2 


• X, 


Oi-l «i+l 
i —1 * t, i+1 


•X „ 


P- 1 JA+ 1 

. _ 1 dj A .11 


■x„ 


K X = x?x % 


■i ■ sr &i ■ 01 

/; Kq = x°' Xi ’ K () : 


Ko = x? i(B1 xT j 


Kn = X° i(B1 x’ 3 


O r i,.©l 


l 2 = y x-j ■ /vo = x i xy. A' (l npH stom K\ £ D, a K 2 6 A. IIojiojkhm D’ — 
rioHynaioiijaaca H3 D BBinepKHBaHHeM Bcex JiHTepajioB coflepjKaipHxca b /i 0 - 


Bocnojib3yeMca KpHTepneM norjiomeHHS. TaK KaK a HBjiaeTca HyjieM /, to D’ He mojkct 6bitb 
TOJK^ecTBeHHo hcthhhoh. B cjiynae, Korya K — eyinTCTBcniTaa KornaoiTKiiHa coyepacamaa xf l 
BBinojiHeHo xf‘x,^ J C D\ to ecTB D' C x^® 1 V x^x,^ ; ecjiH K 2 G D. to nocjie BBinepKHBaHHa 

jiHTepajioB x a t l h x 3^* H3 D' , nocjieyHHH yoji>KHa oSpaTHTbca b TOHcyecTBeHHyio eynHHuy. 
3to HeBepHO, a hmchho, koht.iohkh;hh K 2 aBjiaacb it k r n ji it Ka tt to it /, He noKpbiBaeTca D 

cjieyoBaTejiBHo b paccMaTpiiBaeMOM cjiynae K He moikct 6bitb eyHHCTBeHHofi KOHBioHKpHeH 
D coyepjKamefi x a t l . CjieycTBHe yoKasano. 


/^OKasaTejiBCTBO ochobhoto cjiynaa vttm'j)>K, neTT tt>t a npoBoyHTca aHajiorHHHO. 2Ijih koiiihoiikuhtt 
Ki BBiyejIHM MaKCHMajIBHBIH Ha6op CTpOK TaKOH, HTO yjia o6pa30BaHHOH IIMH MaTpHpBI Ml OTpHpa- 
HHs jiHTepajioB Ki o6pa3yioT pa36neHHe x' 3 ‘. H3 ocTaBinuxca He BBiyejieHHBiMH CTpoK M, BBiyejiHM 
MaKCHMajIBHBIH Ha6op CTpOK TaKOH, HTO yjIH 06pa30BaHH0H IIMH MaTJHipBI M 2 OTpHH,aHHH JIHTepajIOB 
K 2 o6pa3yeT pasSneHne x° l . AHajiorHHHO nocTynHM yjia koht,tohk tt hh Ji 3 , iP 4 , ...,K t _i. 


Of) 03 Ha T TMM M t — MaTpnn;y, coctohihvio H3 ocTamiraxoi He BiayexeiniiaMH ctpok. IIo ycjioBHio 
jieMMbi, oTpHpaHHH jiHTepajioB K t \ x°' 1 He o6pa3yioT pa36HeHHH b M t . IIo flOKa3aHHOMy paHee 
cjie^cTBHio cymecTByioT TaKne ctpokh a G M t h /?, hto a — hojib c^yHKpHH /, a (3 — coce^Hnn c a 
TOHKa, He noKpBiBaeMasi KOH'BioHKpHeH K t , TaxaH hto /(/3) = 1. 

PaccMOTpHM MaTpHnpi M [, M ' 2 ,..., M t , _ 1 , nojiynaeMBie H3 Mi, M 2 , M t -\ ,n;o6aBjieHHeM cTpo- 
kh a. 3aMeTHM, hto b cnjiy MaKCHMajibHocTH MaTpnn; Mi, M 2 ,..., M t -1 OTpnpaHHe jiHTepajioB koht.- 
k>hkh,hh Kj He mojkot onpe^ejiHTB pa3Jio>KeHHe jiHTepajia xf l b MaTpnpax Mj, 1 < j < t — 1, npn 
3TOM BCHKHH pa3 TOHKa (3 OKa3BIBaeTCH HenOKpBITOH. Cjie^OBaTejIBHO flJIH 1) (})\TTKHHM / B 

yCJIOBHHX JieMMBI JIHTepajI xf‘ BXO^HT KaK MHHHMyM B t + 1 KOHT.IOHKH,HK). 

CnpaBefljiHBocTB y tb ep>K/iei th>i c mojkho noKa3aTB cneyvioipuM o6pa30M. IlycTB D 0 — ^H© 
4)yHKn;HH fo(xi,X 2 , ...,Xi-i,x i+1 ,...,x n ), onpe^ejineMOH MaTpnpeH Hyjien M 0 = T aK 

KaK /(x i,x 2 , ... ,x n ) — SyjieBa (JiyHKpHH: 6e3 cmcjkhbix Hyjiefi, to Mo TecT. 

IlycTB x^Ki, x° i K 2 , ..., x^K t — koht.k)hku,hh, nopojK^aeMBie pasjioHceHHHMH x IlycTB a(i) = 
{a ri , a r2 ,..., ay s } — mhotkcctbo, co^epncaipee Bee TaKne ctpokh MaTpnpBi M, hto Mj m = cr», M^ = 
ay , 1 < m < s. 

PaccMOTpHM cneyyioniyio JIpI© 


D f = Dq\I xf® 1 A 


V 

V (7i>72,-..,T n)ea(j) 


rr.'Yl ™72 
X 1 x 2 


■ ■ - x. 


■7i—1 ™7i+l 
i—1 x i+l 


■ ■ ■ X. 


rin 


V xp A 



IIoKajKeM, hto yKa3amraH ,HH© peajiH3yeT /(xi, x 2 ,..., x n ). IlycTB (3 = (( 3 i , ( 3 2 ,..., ( 3 n ) — npoH3- 
BOJiBHan iieiiyneBaH tohkh /. 

EcjIII BeKTOp (/3i, /?2, ..., A-l) A+l) - - - j @n) OTJIHHeH OT HyjIH (J)yHKH,HH / 0 , TO Dq[[3] = 1. 

IlycTB Tenepn /3 = a©e™, r,n;e TOHKa a HBjineTCH HyjieM (J)yHKpHH /. Ecjih a G er(i), to /? noKpBi- 
BaeTCH o^hoh H3 koht>iohkh;hh co^epjKamHx xf® 1 . B npoTHBHOM cjiynae paccMOTpHM cymecTByiomee 
no ycjioBHio jieMMBi pa3pe3aHHe MaTpnpbi M Ha nacTH Mi, M 2 ,..., Mt , TaKoe hto Kaacflaa H3 yna3aH- 
hbix nacTefl o6pa3yeT pa36neHHe jiHTepajia xf l h, 6ojiee toto, koht.iohkh;hh, onpe^ejiaeMBie sthmii 
pasCffleHHHMH, flOnyCTHMBI flJIH /. 

IlycTB Mj nacTB MaTpnpBi Hyjiefi co,zi,ep>Kaiii;aH a , x^Kj — flonycTHMaa koht.iohkh;hh, noponc- 
fleHHaa Mj . ToHKa (3 noKpniBaeTCH x^Kj no jieMMe[21 JleMMa ^oKa3aHa. ■ 


JleMMa 4 IJycmb a G pa,3A0DtcuMa no eenmopaM a* G B^, i G [1, t], Tosda cnpaeednueo 

Hepaeencmeo 

X(ap) + ... + x(«t) > X(«) 

Onpe,a,ejieHHe 4 JIumepaA xf l na3oeeM coScmeennuM AumepaAOM KowsmHKyuu K /3,HO D (fiynK- 
yuu f(x i,x 2 , ...,x n ), ecAU K — eduHcmeennaA KomwmKyuH D codepotcaipan xf l . 

/I,jih ^OKa3aTejibCTBa ochobhoh TeopeMBi o cjiojkhocth nojiHoii (JiyHKpHH HaM noTpeSyeTCH cjie- 
flyiomaH AeMMa o ceoucmeax uoahou (fnjHKyuu 

JleMMa 5 JJaji noAnou 6yAeeou (fjyHKyuu Gk(x\, x 2 ,..., x n ) eunoAneno 
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1. Ecau KOH-dWHKi^uA K E D anmuMOHomoHua, mo rank K > 3; 

2. Ecau K — eduncmeennaA Kon^rnnKyuA, codepotcaui,aA xG , mo rank K > 3; 

3. Pa3AootceHue AumepaAa Xi ne Morncem codepotcamu AumepaA x 3 , 1 < i, j < n,i Z j; 

/. Pa3AootceHue x t A Xj ne Mootcem codepotcamu AumepaAoe eeca 6oAume au6o paenoeo k/ 4, ecAU 
eec Xi 6oAuiue ueM k/ 4, a AumepaAu Xi u Xj opmoeonaAunu; 

5. Pa3AootceHue Xi A x 3 ne Mootcem codepotcamu AumepaAoe eeca 6oAume au6o paenoeo k/3, ecAU 
eeca Xi u Xi doAuwe ueM k/3, a AumepaAu Xi u x 3 opmosonaAunu; 


/^OKaaaTejitCTBo. IIo onpe^ejieHHio (jmiKiiHH Gk, hhcjio ejiinnni b KaxynpM cTojiGpe ee MaTpnpBi 
He npeBocxo^HT nncjia e/p-ninn. Oviikuhh Gk npmx'/iennaH. cjieypBaTejiBHo He cyipecTByeT napni 
jiHTepajioB, oSpasyioirpix opToroHajiBHoe pa3Jio)KeHHe I/,., h yTBepxynpHHH 1 h 2 cnpaBeypiHBBi. 

KpoMe toto, ind(xi) < ind(xj), 1 < i,j < n. Tax KaK Gk npHBe^eHHaH, yKa3aHHoe HepaBeHCTBo 
^OKa3BiBaeT yTBepjK^eHHe 3. YTBepjK^eHHH 4 h 5 hbjihiotch iiphmbimh cjie^cTBHHMH jieMMBi[H ■ 
B paGoTe (^bhkohob, 2001) AT. ,H,bh:kohobbim flOKa3aHBi cjie^yromne yipe jieMMBi pjui pjiiihbi 
nojiHOH h npHBe^eHHOH (JiyHKiiyiH ot n nepeMeHHBix: 


JleMMa 6 //Anna ecAKou //HO uoahou fiynKyuu f om n nepeMennux ne Menuiue n. 

JleMMa 7 J/Auna ecAKou npueedennou (fiynKyuu f om n nepeMennux, uMemiyeu k nyAeu, ydoeAe- 
meopnem nepaeencmey 


D\<2n+ (k 2 -5k) /2 


e CAyuae, ecAU Mampuya nyAeu (fiynKyuu f codepcncum edunuunyto nodMampuyy c mounocmuTo do 
nepecmanoeoK u uneepcuu cmoAdyoe. 


06o3HaHHM M MHOJKecTBo jiHTepajioB Beca GojiBinero neM k/3. 

JleMMa 8 Pucao KonbtonKyuu npou360Aunou Z/H@ D uoahou, fiynKyuu f , codepoicauyux AumepaAu 
U3 M, ne Menume n (l — e~ log2n / 36 ). 

Ka 3 aTe j i b c t b o. BnmejiHM nopMaTpHiiy M' MaxpHiipi Hyjiefi nojiHofi (jmTKnpH, copepjKaiiiyio Bee 
ctoji6h,bi Beca, He npeBocxopsnpero k/3. IIo HepaBeHCTBy 'Iepnoiia hiicjio ctoji6h,ob b M' He npeBoc- 
xo^ht 2 fc_1 e _fcy/36 . 

IIo jieMMe [7] cyipecTByeT ,11HT , peajiH 3 yioiii;aH (jmiKnyiTo aa/iammo MaTpHpefi Hyjiefi M' . 

flJIHHa KOTOpOH He npOBOCXOJlHT 

p _ KU 

\Dq\ <2 1 + - J— <k 0 -n = 6- ne~ log271/36 

TaKHM o6pa30M, ecjin cyipecTByeT Tanas JIIIT /J, ({miKTiMH G k . hto hhcjio koh , biohkh;hh, copep- 
xcaiiipx nepeMeHHBie H3 M, MeHBrne n( 1 — k 0 ), to cyipecTByeT h /JHO D 2 cj)yHKii;HH Gk, nojiyHeHHas 
H3 Di 3aMeHOH Bcex Koii'hioiiKUHH. He copepjKamHx nepeMeHHBie H3 M, Ha ,11HT D\. Ilpn otom pxniia 
TIHO D 2 , KOTopan peajiH3yeT Gk, MeHBrne n. Ilocne^nee ripoTHBopenHT jieMMe [71 nosTOMy hhcjio 
koht.iohkii;hh, co,ri;ep>Kaiii;Hx jiHTepajiBi H3 M, He MeHBrne n (l — e~ log2 n / 36 ) . ■ 
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TeopeMa 3 MunuMaAbnan /fHO uoahou SyAeeou (fiynKyuu om n nepeMenHux uMeem pam ne 
Menbumu neM 3 n (l — e _log2?l / 36 ). 

^OKa3aTejit.CTBO. PaccMOTpHM npoH3BojibHyio ZIHfp I) (jyyiiKiiynT Gk- BbmejiHM b Hen Bee koht>- 
iohkphh, co^epjKaipHe jiHTepajibi H3 M, h orpaHHHHMCH ^ajiee hx paccMOTpemieM. Hhcjio m thkhx 
KOH b.TOHK TT tTfT no jieMMe E] He MeHBine n( 1 — e _log2Tl//36 ). 

IlyCTB k\ — HHCJIO KOH'BIOHKpHfi, HMeiOIipiX O^HH CoScTBeHHBlfi JIHTepaji; k 2 — HHCJIO KOHT.IOHK- 
h;h 0, HMeioiipix ,n;Ba coScTBeHHBix jiHTepajia. Otmctiim, hto HHKaKHe 3 coScTBeHHBix jiHTepajia H3 M 
He MoryT bxo^htb b oypiy HMnjiHKaHTy /JHO D no jieMMe 0 

CneyoBaTenwTo. hhcjio bxotptitihx b D HecoScTBeHHBix jiHTepajioB(6e3 yneTa KpaTHocTn), He 
MeHBHie 2|M| — ki — k 2 . H 3 jieMMBi EJ)yTBep:ac,ii;eHHe 2) cjie^yeT, hto ecjin koht>iohkii;hh K co,ri;ep>KHT 
e^HHCTBeHHBIH CoScTBeHHBlfi JIHTepaji, TO B K CO^epjKHTCH eili;e KaK MHHHMyM yi;Ba HeCoScTBeHHBIX 
jiHTepajia, oxKyya coBOKynnan KpaTHocTB Bcex TiecoGcTBemiux jiHTepajioB He MeHBHie 2k \; ecjin nee 
koht.iohkh;h5I K coyi;ep>KHT /ina coScTBeHHBix jiHTepajia, to rank I\ > 3 m KaK MHHHMyM o/nni H3 
HHX He COflepXCHTCH B M. 

OTKyzja HMeeM cjieyiyioiriyio opeHKy ypiH paHra: 

rank D > max(2(2|M| — 2k 2 — /ci), 2k\) + k\ + 3k 2 . 

OTKyga npn k\ + k 2 > |M| nojiynaeM rank D > 4|M| — k\ — k 2 > 3|M|. KpoMe toto, npii 
k\ + k 2 < |M| HMeeM rank D > 3k\ + 3k 2 > 3|M|. 

H 3 toto, hto |M| > n (l — e _Iog2n / 36 ), npn n —> 00 nojiynaeM yTBepxyneHHe TeopeMBi. ■ 


5. AjiropHTM nocTpoeHHH ^HO iiojihoh c^ymajHH 


B ,n;aHHOM pa3,n;ejie npe/yiaraeTca scjxJieKTHBHBifi mcto/t; nocTpoeHHs /JHO, eo/TypjKaniHx HeSojiBinoe 
HHCJIO JIHTepajIOB, flJIH SyjieBBIX (JiyHKpHfi C MajIBIM HHCJIOM Hyjiefi. B HaCTHOCTH yKa3aHHBIH MeTOyi, 
no3BojiHT ctpohtb acHMiiTOTHHecKH MiiHHMajiBHBie ,H,H® ypui hoahou SyAeeou gbyuKyuu. 

B pa6oTe ( ^bhkohob , 2002) A. T. ^bhkohobbim 6biji npeyiytoxceH yipcTaTOHHo yHHBepcajiBHbifi Te- 
ctobbih noyxo/i k nocTpoeHHio HI IO SyjieBBix (jn'iiKiiyifi. OciiomiaH n/ieM no/ixo/yi coctoht b CBeyenMH 
nocTpoeHHH hcxo^hoh (jmiKTiyni f(xi,x 2 ...,x n ) k 3a^ane nocTpoemni yUI ( I> SyjieBofi (jmiKiiyiH 

0(i/i, 1/2,... ,y t ), 3ayi;aHHOH MaTpnpefi Hyjiefi: c MeHBiHHM hhcjiom ctoji6h;ob TaKofl, hto MaTpnpa Hyjiefi: 
0 HBjiaeTCH no^MaTpupeii MaTpnpBi Hyjiefi / h, 6ojiee toto, HBjiaeTCH tcctom. Oyi;HaKo cjiojkhoctb 
TaKoro CBeyieniTH b oGiijcm cjiynae Hpe3BBiHaflHo BBicoKa. A hmoitito. /JHO Dj mo/kot 6bitb nojiyneHa 
H3 AHO D ^ yi;o6aBjieHHeM (n — t)k koht,tohk tt hh, co,a;ep>Kairi;HX (n — t)k{t + 1) JiHTepajioB, r,zj;e hhcjio 
Hyjiefi (jiyHKpHH / h 0 paBHO k. 


B paSoTe (0 [bjikohob, 2001) A. V. !1b>tkottob paccMaTpHBaji cymecTBeHHo 6ojiee nacTHBin Kjiacc 


(J)yHKii;HH. A HMeHHo , (0yHKiyHH MaTpnpBi Hyjiefi kotopbix coyi;epiKaT eyi;HHHHHyio no^MaTpnpy MaKcu- 
MajiBHoro pa 3 Mepa. ,Hjih yKa 3 aHHBix (JiyHKpHfi iim 6bijih npefljioxceHBi ajiropHTMBi, rapaHTHpyiomHe 


jiyHiHHe opeHKH cjiojkhocth, neM b o6in;eM cjiynae. IIpHBeyi;eHHBie b paSoTe (/Ibhkohob, 2001) aji- 
ropHTMBi no3BOjiiijiH nocTpoiiTB jHH® nojiHofi 4)yHKU,Hii, coyi;ep>Kairi;efi n( 1 + o(l)) KOHHioHKpHfi h 
@(n^/log 2 n) jiHTepajioB. 

IIpeflJiaraeMBifi b nacTOHiuefi paSoTe yn>T nocTpoeHHH 0J.I I f I> ajiropiiTM ocHOBaH Ha KOHCTpyKpiuix 
A. T. 0I,BHKOHOBa. 0,ri,HaKo yi;ji5i paccMaTpHBaeMBix yi;ajiee KjiaccoB SyjieBBix (0yHKii;Hfi oh oGjia^aioT 
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cymecTBeHHo 6ojiee hh3xhmh opeHxaMH cjiojxhocth no cpaBHemno c ajiropnTMaMn, npefljiaaceHHBiMH 
b (Hbmkottob, 2002). B nacTHocTH, MeTOflBi, npeflCTaBjieHHBie b paScrre, no3BojinioT ctpohtb 
nojiHon 4)yHKn,HH, coflepacamyio n( 1 + o(l)) koh'biohkphh h 3n(l + o(l)) jnrrepajioB. 

3acfjHKcnpyeM npnBefleHHyio (jpyHxpmo f(x i,x 2 , ■ ■■,x n ) ot n nepeMeHHBix, HMeiomyio k HyneBBix 
Tonex n 3a^;aHHyio MaTpnpen Hyjiefi Mf. IlycTB cyipecTByeT no^MaTpnpa T MaTpnpBi Mf, coflep- 
acarpaa t ctoji6h;ob; 6e3 orpaHnneHnn o6iu;hocth nojK»XHM, hto CTOjiSpbi MaTpnpBi T cooTBeTCTBy- 
hdt cTojiGpaM c HOMepaMH 1,2MaTpnpbi Mf , Tax xax b npoTHBHOM cjiynae HHBapnaHTHBiMn 
npeo6pa30BaHH5iMH LQeHHOHa-rioBapoBa ({)\ t itkpm>i f(x\ , x 2 ,.... x n ) mo>kct 6bitb npeo6pa30BaHa k 
yKa3aHHOMy BH^y. IlycTB ctoji6h,bi MaTpmiM Mf , He BxcypupHe b T, o6pa3yioT MaTpnny M' . JlnTe- 
pajiBi, acconympoBaHHBie co crojiGpaMH T, Ha30BeM mecmoeuMU, Bee ocTajiBHBie jinTepajini Ha30BeM 
eneumuMU. 


Onpe^ejieHHe 5 runepzpafioM ceA3eu H T := H T [f(x i,x 2 ,x n )\ (fiyHKyuu f(x 1 , x 2 , ■■■,x n ) c Mam- 
puyeu Hyjieu Mf u mecmoeou nodMampuyeu T HasoeeM napy cocmoAupyuo U3 zunepspafia u 
63auMHo-odH03HauH02o omoSpaotceHUA <f) MecHcdy AumepaAaMu cjjynKyuu f u eepmuuaMu zunepzpa- 
$a, npu KomopoM 

1. e zunepzpafie npucymcmeyem 2-pe6po ecAU u moAbKo ecAU eepmuuaM pe6pa coomeemcmeyem 
napa AumepaAoe {xi, Xi\, 1 < i < n; 

2. ecAU u moAbKo ecAU ua6op U3 t AumepaAoe o6pa3yem (opmozonaAbnoe) pa36uenue I*,, zunep- 
zpa$ codepcHcum omeeuauoxyee eMy t-pe6po. 

Mno>KecTBO BepmiTH rnneprpac^a H o6o3HannM V(II), a MH(»xecTBO ero pe6ep — E ( II ). Ha- 
nee nofl BepniHHon x° l 6ya,eT no,npa3yMeBaTBCH BepmnHa, HBjiHiomancH o6pa30M jinTepana xE npn 
OToSpancemiH </>. BepmnHBi mneprpa(J)a, xoTopxiM cooTBeTCTByioT BHenmne(TecTOBBie) jinTepajini, 
Ha30BeM BHeniHHMH (TeCTOBBIMn) BepniHHaMH. 

Onpe^,ejieHHe 6 IJycmb 3adau zunepzpacfo cen3eu Ht[J(xi, x 2 , ..., x n )\ (fiyuKyuu f(xi,x 2 ,...,x n ) c 
Mampuyeu uyAeu Mf u mecmoeou nodMampuyeu T. IJymeM Meotcdy enemnuMu AumepaAaMu xE u 
x°j J e Ht, Ha,3oeeM nocAedoeameAbHocmb nepexodoe Meotcdy enemnuMu AumepaAaMu enympu pe6ep 
zunepzpafia, HauuHamufymcA e x°' u saKaHuueamwfymcA, x J 3 . 

rnneprpac^bi, nojiyneHHBie H3 nmeprpacfm cBH3en y^aneHneM o/nioro hjih HecxojiBxnx pe6ep, 
Ha30BeM nacmuHHUMU. Onpe^enemie nyTH, ^aHHoe .zyia rHneprpac[)a cBH3efi, ecTecTBeHHMM o6pa- 
30 M o6o6m;aeTC5i Ha Bee nacTHHHBie rHneprpa(J)Bi. Kax ripaBHjio, Hac Ov/ivt HHTepecoBaTB tojibxo 
nacTHHHBie rHneprpacf)Bi cBH3efi c HeSojiBHiHM hhcjiom pe6ep. 


IIpHMep 2 PaccMompuM Mampuyy M, codepotcaipyio mecmoeym nodMampuyy T e nepeux ceMU 
cmoA6yax. 


M 


/ 1 0 0 0 1 

0 10 10 
0 10 0 0 
0 0 10 0 

0 0 0 0 0 

\ 1 0 0 0 0 


0 0 0 0 1 0 \ 

0 0 0 0 1 0 

1 0 0 0 0 1 

0 0 0 1 0 0 

0 0 110 0 

0 1 0 0 0 1 / 


12 





y i V2 xi 



V5 2/4 x 3 




Phc. 1: rnneprpacj) cBjraefi H3 npHMepaO 

Marnpuv s a M onpedeAAem gbyrniyum f(yi 1 y2,...,y7,xi,X2,x 3 ,X/i), Aumepcuiu y\ - y 7 Komopou acco- 
yuupoeaHu c T, a AumepaAu x\ - x± c M \ T. Ha pucynne Q] u3o6pacHcen odun U3 uacmunnux 
zunepzpafioe C6A3U gbynnyau f. 

Ha30BeM pe6po rHneprpacJm KopneM, ecjin oho co;iep>KHT pobho ojihtt BiieininTii jiirrepaji. Pe6pa 
rHneprpacJia Ha30BeM cmchchbimh, ecjin ohh HMeioT xoth 6bi o^Hy o6m,yio BepniHHy. Pa3MepoM pe6pa 
Ha30BeM hhcjio BepniHH b HeM. 

Onpe^,ejieHHe 7 /^aa npueedeunou cfiyHKyuu f(x 1 , X 2 , ■■■, x n ) paccMompuM eunepzpacfi St, noAy- 
nennuu ydaAenueM U3 zunepspacfia ceA3eu Ht = Ht[/(xi, x?, x n )] Henomopux eepimm u pe6ep. 
runepspatfi St ua3oeeM nocAedoeameAbHocmbm (opmoeonaAbHux) pa3A0CHceHuu ecAU 

1. Bcakuu enemHuu AumepaA x^, abaawihuuca eepumuou St, exodum poeuo e dea pe6pa, oOhum 
U 3 Komopux mAAemcA pe6po {xi,Xi\; 

2. BcAKasi enetuHAA eepmuna spacfia Aeatcum xomA e oOhom nymu, nauaAo u noneu, Komoposo 
AeAAwmcA KopneeuMu; 

3. CMeofCHUMU Oaa pe6ep pa3Mepa 2, abaatottica pe6pa pa3Mepa 3 u 6oAee, au6o Kopneeue pe6pa; 

MoipHocmbm nocjieflOBaTejiBHocTH opToroHajiBHBix pa3Jio:aceHHH St, nocTpoeHHoft no Teery T, 
6yn;eM Ha3biBaTB nojioBHHy ot nncjia BepniHH St, accoiunTpoBaniTBix c BHeniHHMH juiTepajiaMH rn- 
neprpacjia. Ha pHcyHKe[l]npHBe^,eHa o/ina H3 TaKHX nocjie^oBaTejibHOCTeH mo ttt hocth 4, nocTpoemma 
fljin onpe^ejieHHBix b npHMepe [2] TecTa T h cJiyHKpHH /. 

PaccMOTpHM pe6po ej = {xH ,x3 2 , ...,xH} rnneprpacjia St- JlnrepajiBi x t j, xj 2 ,..., xjj o6pa- 
3yioT opToroHajiBHoe pa36iieHiie e^HHHnpi^jiH MaTpmiw Mf), cjie^oBaTejibHo, ecjin ej He HBjineTCH 
peopoM, coe^HHHioii^HM napy npoTHBonojio^Hbix jnrrepajiOB, to A [ej J = x i2 • • • x it npo- 

cTasi HMnjiHKaHTa f(xi,x 2 , ...,x n ) . 
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JleMMa 9 IJycmb Oaa npueedennou (fiynKyuu f(x i,X 2 , ■■■,x n ) u mecma T cyiyecmeyem nocnedoea- 
meAbHocmt> opmozoHam>Hux pa3AootceHuu St, codepcncavyaA ece eneumue AumepaAU. Tozda (fiyuK- 
yun f pea,AU3yemcA /J,HO Dg T , onpedeAAeMou paeencmeoM 

D ST =D T y \J K[e] 

e€E(S T ) 


r -I ©1 

zoe A |ej = x ix x i2 ■ ■ ■ x 




,®i 


npu e = {xD , x 
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/^OKaaaTejitCTBO. PaccMOTpHM fjmTKnmo p. onpe^ejieHHyio Ha napax coctojhh;hx H3 pe6ep rnnep- 
rpacjm Ct h tohck SyjreBa Ky6a B n . Onpe^ejiHM 3HaneHHe p yna pe6pa e = {x A, x i2 2 ,..., x A } h toh- 
KH /? = (Pi, 02, — ,Pn) KaK HHCJIO BL.mOJIHeHHL.IX paBeHCTB ft{■ = <7j.. 3aMeTHM, HTO eCJIH p(e, P) = 0, 
TOHKa /3 noKpBiBaeTCH KOHT.ioHKpHefi A"[e], a ecjin p(e, P) = 1 npu Bcex e G E(St ), to P HBjmeTCH 
HyjieM / hjih noKpBiBaeTCH ZilPP Dt- 

CyMMa p(e, P) HBjraeTCH HHBapnaHTOM yjm Bcex tohck p, coBna^aroLpiix c o^hhm H3 Hy- 

e€E{S T ) 

jrefi (|)yiTKiiHH b tcctobbtx cTojiSpax, h paBHa Hncjry pe6ep St, nopojK^aioLpHx oTjniHHbie ot Hyjisi 
Kom.ioiTKiiHH. /Jjih yoKasaTejrbCTBa yTBcpjKjienHH jieMMBi oeraeTca noKa3aTb, hto He cyipecTByeT 
TOHKH P G B n , OTJIHHHO0 OT nepeHHCJieHHBIX B Mf, flJIH KOTOpBIX BBinOJIHeHBI paBeHCTBa p(e, P) = 1, 
npn Bcex e G E(St )• 

^OKajKeM yTBepjK^eHHe HHiryK Ti Hefi no micjiy ctoji6h,ob m, npimafljiejKamiix MaTpnpe Mf, ho He 
npHHafljiencamHx T. ^jih yn;o6cTBa ^ajibHefiiHHx paccynynpHHfi nojioncHM, hto ctoji6h;bi c HOMepaMii 
1, 2 ,m He npHHa^jiejKaT T. 

IlycTB m = 1. B 3tom cjiynae BcsiKasi noeneyoBaTeni.iTOCTi. opToroHajiBHBix pasiroKeunfi I/, co- 
flep>KHT KaK MHHHMyM 3 pe6pa, TecTOBBie jiHTepajiBi nepBoro H3 KOTopbix o6pa3yioT opToroHajibHoe 
j)as jto>k(tth e x,, jiHTepajibi BToporo — opToroHajibHoe j)as jt o>Ke ith e x,, a TpeTbe pe6po { x % , x, ; }. YKa- 
3aHHbie pe6pa /ijth KapKaca 6V o6o3HaHHM e\, e 2 h e 3 cooTBeTCTBeHHo. OcTajiocb 3aMeTHTb, hto 
B csiKasi TOHKa SyjieBa Ky6a, He coBnaflaiomaH hh c o^hhm H3 Hyjiefi cjjyHKpHH b tcctobbix cTojiSpax, 
noKpbiBaeTCH ZIIPI> D T ; BcsiKasi nee TOHKa B k , oTjiHHaiOHi,afl ot Hyjisi / tojibko b nepBofi Koop^pmaTe, 
noKpbiBaeTCH AT[ei] hjih K\& 2 [. 

IlycTb rn = /; + 1. /; > 1. IlycTb 6 G B n oTjiHHHa ot Hyjiefi / h He noKpbiBaeTcn Dr- CneyoBaTeni.- 
ho TOHKa P coBna^aeT c o^hhm H3 Hyjiefi cjiyHKLpiH, nepeHHCJieHHbix b Mf, b tcctobbix cTojiSpax, 
o6o3HaHHM yKa3aHHbifi Hojib a. IlycTb an P oTjiHHaioTCH b paspppe i. JiHTepajibi x t h x % BHemHHe. 
06o3HaHHM eo = {xi, Xi }; Xi G e\, e\ eo; X{ G e 2 , p 1 eo- no nocTpoemiio St He imeeT hhbix pe6ep, 
coflepjKamnx jiHTepajibi x, h Xi. 

nycTb Pi = 0 a* = l(CjiyHafi Pi = 1 paccMaTpimaeTCH aHajrorHHHo). OTKyzja p(e\, P) = 1 
tojibko b cjiynae, ecjin cyipecTByeT BHemmifi jiHTepaji x a p G e\ : Pj = (Tj. no onpe^ejreHHio St 
jiiiTepaji .xj' bxo;imt tojibko b 2 pe6pa, a HMenno, b pe6po e\ h b pe6po {x^, x 3 }\ pe6po, b KOTopoe 
bxo^ht jiHTepaji o6o3HaHHM e 3 . 3aMeTHM, hto p(e 3 , a) = 1, a p(e 3 \ 0). CjieflOBaTejibHo, 

TOHKa P MonceT 6 bitb HyjieM (JiyHKpHH tojibko b tom cjiynae, ecjin cyipecTByeT BHemHHfi jiHTepaji 
xp G e 3 : p r = <j r . TaK KaK y^aneTine pe6pa {x 3 x 3 } pasGiTB.aeT rHneprpacJ) Ha napy HenepeceKa- 
iolu;hxch: no BHemHHM BepniHHaM THneprpacJioB, aHaj[H3 CBe^eH k THneprpacjiy c MeHbmHM hhcjeom 
BH emHHx BepniHH. JleMMa ,ri,oKa3aHa. ■ 
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Onpepejiemie 8 JJ,aa npueedennou, (fiynKyuu f(xi,X 2 ,---,x n ) u mecma T paccMompuM Mnootce- 

t 

cmeo (J S?p- Pacrriunnuu gunepepafi Ct zunepepacfia ceA3eu Hx[f(xi, X 2 ,x n )\, rwAyuennuu U3 

i =1 
t 

(J S l T ydaAenueM nparrinux pe6ep na,3oeeM napnacoM, nocmpoennuM no mecmy T, ecAU Ct codep- 

i =1 

otcurn ece enemnue eepmunu. 

Hhcjio pe6ep Kapxaca, nocTpoeHHoro no nocjiepoBaTejiBHOCTSM opToroHajiBHBix pa3Jio>KeHHH, 
MOJKeT 6 bitb cyrpecTBeHHo Menbiiie, neM cyMMa nncjia pe6ep BxoflamHx b nocnepoBaTejiBHocTH pa3- 
jio>KeHHii. YKa3aHHbiH ocjxJieKT HMeeT MecTo, Korpa nocnepoBaTejiBHocTH, HMeioT 6ojibmoe nncjio 
o6ih;hx pe6ep. 3 tot acjxjieKT hbjihctot MOTHBapneii pjia HcnojiB30BaHHH b pajiBHeiimHx paccyjKpe- 
hhhx KapnacoB, a He nocjiepoBaTejiBHocTeii opToroHajiBHBix pa3Jio>KeHHH. 


JleMMa 10 PaccMompuM npueedennym Syneey (fiyuKyuto f(xi,X 2 , ...,x n ), 3adannyH) Mampuyeu ny- 
Aeu Mf c eudeACHHUM mecmoM T. 06o3ho,hum Dt neKomopyio /(H@ SyAeeou (JrynKyuu, onpede- 
AAeMou Mampuyeu nyAeu T. IJycmb, npoMe moso, cyipecmeyem Kapnac Ct[/{xi,X 2 , ...,x n )\, codep- 
3fcaw,uu ece enemnue AumepaAU. Tosda (fiynKyun f pea,AU3yemcA /fH@ D, Komopan onpedeAAemcn 
paeencmeoM 

D = D t V J2 K l e 1 

e&E(C T ) 


zde K[e] 


(Til© 1 f7j 2 ©l ITj f ©l 

OC 1 QC, ^ • • • qo u 

H Z2 Z£ 


npu e = {x i n , x. 


*2 



/IoKa3aTejibCTBO. 3aMeTHM, hto Bee B03M0>KHBie Hyjin c})yiTKiiiTTT eoBriaparoT co cTpoxaMH MaTpnpBi 
Hyjieii b TecTOBBix CTOjiSpax. IIo nocTpoemno, pjiH Ka>KpoH KoinnoiiKurni H3 I) \ Dt He BBinojiHeH 
poBHo oflHH BxopsipHH b Hee jiHTepaji, cjie^oBaTejiBHo Bee Hyjin tjiyHKpHH f(xi,X 2 , ...,x n ), onpepe- 
jineMBie MaTpHpefi Mf, ocTaioTcn HenoKpbiTBiMH. 

IlycTB /? HeKOTopwii ho jib D, He hbjihioiphhch HyjieM /. IlycTB a € Mf thkoh, hto an (3 
coBiiapaioT b TecTOBBix cTojiSpax. KpoMe toto, nycTB % \ a t ^ [3 l . BbipejiHM H3 Ct rHneprpacji St, 
copepxcaipHH Xi h ^ Xi . BocnojiB3yeMCH yTBepjKpeHiieM jicmmbi [9j 


CjiepcTBHeM poKasaHHoro yTBep>KpeHHH HBjineTCH jieMMa 

JleMMa 11 PaccMompuM npueedennym SyAeey (fiynnyum f(x\, X 2 , ■■■, x n ), 3adannym Mampuyeu ny- 
Aeu Mf c eudeAennuM mecmoM T. 06o3hcihum Dt nenomopym /3,HO SyAeeou (fiynKyuu, onpede- 
AAeMou Mampuyeu nyAeu, T. Ply emu, KpoMe moso, cyu^ecmeyem nenomopoe Mnootcecmeo napmcoe 
C, o6Aadamm,ux o6m,uM mecmoM T u codepofcaipux e coeoKynnocmu ece enemnue AumepaAU. Toeda 
(fiyHKyun f peaAU3yemcA /fH@ D, Komopan onpedeAAemcA paeencmeoM 


d = d t v^2 E a 'M 

C T e C eeE(C T ) 


zde K[e] = x^ 1 x. 


*2 


' Xi 


,©1 


r Vi -1 Gio \ 

npu e = \X; 1 , X; 2 , . .. , X; 4 } , . 
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YKa3aHHt.ie jieMMbi /pitot ocjjcjjeKTHBHBie ajiropHTMBi nocTpoemra ^H®, Korpa TecT h KapicacBi 
MoryT 6 bitb nocTpoeHti -xJxjieKTHBno. 3 to xapaKTepHo /pin OyneBBix (Jwttkphh bbicokoh pa3Mep- 
HOCTH C HeGojIBIHHM HHCJIOM Hyjiefi. OpHHM H3 IipHMepOB yKa3aHHBIX JieMM Ha IipaKTHKe HBJTHeTCH 
nocTpoeHHe AJH® uoahou Sy/ieeou cfiyHKyuu. HanOojiee Harjrpzpio noerpoeHHe /JHO c HcnojiB30Ba- 
HHeM KapKacoB, nopoxypeHHBix pensMH SyjieBa Ky6a. 

pajiBHeflmiix nocTpoeHHH Bocnojib3yeMCH jieMMofi Ahccjih o noKpbiTHH SyjieBa xy6a pensiMH, 


^OKa3aTejibCTBo KOTopofi mojkho Hafira b (5I6jiohckhh, 2010): 


JleMMa 12 By nee ny 6 B n mochcho noKpurm> 
tiamu Ci man, nmo: 


n 


n/2[ 


HenepecenamiyuMucA cuMMempuuHUMu ye- 


1. hucao yeneu Oauhu n — 2p + 1, sde p = 1,..., \n/2\, paeuo 


n 


p 


n 

p — 1 


2. 3aa ak>6ux mpex eepmun v\,V 2 ,v 3 , o6pa3ymiyux yenb u npuHadAecHcavyux odnou u moil otce 
yenu Ci, donoAHumeAbuaA eepumna npunadAeotcum yenu Cj Meubmeu Oauhu. 


A. r. ,U,bhkohob b paSoTe (AIbhkohob, 2002) paccMaTpimaji OyjreBBi (JiyHKpHH 3apaHHBie MaTpii- 


paMH Hyjiefi: hm bto ttt ttmh e/piHHHHyio nopMaTpnpy pa3Mepa k x k, rpe k hhcjto Hyjiefi (JjyHKpini. ,H,jih 
peajiH3an,HiT foyHK H HH f(x i,x 2 ,... ,x n ), MaTpnpa Hyjiefi KOTopofi copepacHT epHHHHHyio nopMaTpupy 
b nepBBix k cTOJiSpax, A. F. ^bhkohob npepjiojKHji Hcnojib30BaTB AH® 


D = \/ {xiXj} V \J < {x y A f\ x s } V {x y A [\ x t } 

1 <i<j<k y=k+l [ sGE(y) t£Z(y) 


( 4 ) 


B paSoTe (Abhkohob, 2002) 6bijio poKaoano. hto yKasannaH AH® pe fi ct bht e jib ho peajiH3yeT 
(J^yHKpHio / h hhcjio ee kohhiohkphh paBHo 2 n + ( k 2 — 5k)/2. 3aMeTHM, hto hhcjio jiHTepajioB b 
yKa3aHHOH AH® paBHo 2 n(k + 1) — ( k 2 + 3k). YicasaHHaii (JiopMyjia 6ypeT Hcnojib30BaHa b poKa3a- 
TejiBCTBe cjrepyioipefi TeopeMBi. 


TeopeMa 4 Uoahoa gbynnyuA F k c hucaom nyAeu k we Menee 8 Mootcem 6umb peaAU3oeana flHQ 
pama, we npeeocxodAiyeso 3n + 6n/ log 2 n + 6n 0 ' 93 log 2 n 


AtoKasaTejiBCTBO. 06o3HaHHM Mp k MaTpiTiiy Hyjiefi yKasannofi c|)y itkphh. IlycTB tcct T\ coctoht 
H3 MHOHcecTBa ctoji6pob Beca, He npeBocxopnipero A(k), ]k/ 4[< A(k) < k/ 2; TOHHoe 3HaneHHe A(k) 
GypeT BBiSpaHo no3pHee. 

MHOHcecTBo penefi pjihhbi m o6o3HanHM C (m). AJ,jih penn q = {xC , xC , } e C(m) Kapnac 
Ct(c(1)) onpepejiHM paBeHCTBOM 


m—1 


Cr(l) = {yi( c i)i y2(ci),x°l 1 } U |J {. X.^, Zi^x^ 1 ® 1 } U Kr®\ y 3 (ci), y 4 (ci)}, 


3 = 1 


fj . 

rpe yi(ci), yz(ci) jiHTepajibi, o6pa3yioipHe opToroHajiBHoe pa36neHHe xF ; y 3 {ci),y 3 {c{) TecTOBBie 
jiHTepajibi, o6pa3yioipHe opToroHajiBHoe pa36neHHe :c"' m . JlnTepaji ;j, onpepejineTca paBeHCTBOM 


. - /y* ^ ATA <y* 

n ■ VL7 . 


<T o+ 1 ®i 


% i +1 
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Tax xax TecT T\ copepxoiT Bee jiHTepajibi Beca, He npeBoexoparpero k/ 4, jiHTepajibi ij\ y 4 h 
z h ' ^i m _i MOryT 6 bITB BBlSpaHBI TeCTOBBIMH pjin jho6oh penn. 

Ka>KpoMy pe6py e xapxaca mo>k('t 6bitb conocTaBjieHa xoh'biohxphh: K [e] , cocToaipaa 03 npoH3- 
BepeHHH oTjjiTiiaiTiTH jiHTepajioB, copepjxaipHxca: b pe6pe. TaxHM o6pa30M, hhcjio jiHTepajioB AH® 
Dc t -, nocTpoeHHofi no xapxacy CW c ,), paBHa 3 (m + 1); xapxac npn otom copepxtHT 2 m BHeniHHx 
jiHTepajioB. 

no jieMMe [TT1 AH® D\ peajiH3yeT ({wttkpmto /: 

d = d t v V V V tf[e], 

m<k—2\(k) CpGCm e&CT{c{l)) 

rpe AH® Dt nocTpoeHa no TecTy T b cooTBeTCTBiin c c|)opMyjion [4) 

Hhcjio jiHTepajioB l ( D\) paBHo 



OpeHHM nojiyneHHoe hhcjio cBepxy, HcnojiB3yH sHTponnHHoe HepaBeHCTBo Ha SHHOMHajiBHBie xo- 
scJxJiHpHeHTbi: 

1{D X ) < 3n + 3 • 2 fc /Vk + 2 (k + l)2 fcH(A/fc) 


®yHKpHH oHTponHH H (x) = — x log 2 x — (1 — x) log 2 (1 — x) MOHOTOHHO B03pacTaeT B (0,1), cjiepo- 
BaTejiBHo BBiSepeM A HaHMeHBiHHM B03M0JKHBIM, a HMeHHo, A =\k/ 4[, npn k > 8 cnpaBepjiHBo 

l(D x ) <3n + 6n/ log 2 n + 6w 0 ' 93 log 2 n. 

nojiyneHHaH opeHxa 3aBepmaeT poxa3aTejiBCTBo TeopeMbi. ■ 

3aMenaHHe 4.1 IJpueedeHHaA KOHcmpynyuA e meopeMe we neAnemcA onmuMaAbnou no hucai/ uc- 
noAb3yeMux KonsTOHKyuu, odnano o6ecnenueaem nyoKnym acuMnmomuKy u npocma 3 aa noACHenuu. 

CjiepcTBHeM TeopeM |3] h |4] HBjineTCH yTBepxynpHHe, ycTaHaBjiHBaroipee acHMiiTOTHKy cjiojkhoctii 
nojiHofl SyjieBOH cJiyHxpHH. 

TeopeMa 5 IJoAnaA tfiyunyuA Mootcem 6umt> peaAU3oeana /fH@, codepotcaiyeu 3w(l + o(l)) Aume- 
paAoe u n( 1 + o(l)) npu n — > oo; npu omoM hu odna U3 spanuy acuMnmomunecKU He yAynmaeMa. 

IIpuMep 3 IIpueedeM /(H@ noAynaeMyw e pe3yAt>mame pa6omu aAeopumMa 3 aa (fiyHKyuu Gq, 
ecAU e Kcmecmee mecmoeou eu6pana edunuunan nodMampuya. Bu6epeM pe6pa napnaca cAedymvyuM 
o6pa30M: 

E(C t ) = |{xi, x 4 , x 5 }; {x 5 , x 8 , xi 3 }; {x 13 , x 16 , x 29 }; {x 29 , x 2 , x 32 }; {x 2 , x u x 3 }; {x 3 , x 4 , x 7 }; 

{^ 8 , x 7 , X15}; {^16) £15, An}; {^2, x 4 , x§}] {x§, xs, Xi 4 }; {x 44 , Xie, x 3 o}; {aj 3 o, xi, x 32 }; {x 2 , xs, xio}; 
{xio, Xi, Xn}; {xn, Xi6, x 27 }; { x 27 , x 4 , x 32 }; {x§, X9}; {x 9 , x 4 6, x 2 s}; {^25> x 2 , x 27 }; {in, x 4 , Xi 2 }; 

{xi2, Xi6, X28}; {^ 28 , X 2 , X 30 }; {xi6, x 2l Xi8}; {xi8, X\, Xig}] {xig, X 4 , X 23 }; {x 23 , X\, X 24 }; {xi6, X\, X17}; 

{X 17 , x 4 , x 2 i}; {x 24 , x 2 , x 23 }; {x 4 , x 4 6 , x 2 o}; {^ 20 ? x 2 , x 22 }; {x 22 , x 4 , x 23 }; {x 24 , x 2 , x 2 6 }; {x 2 6 , x 4 , x 3 g} >■ 
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JJaa /fHO D peaAusywxyeu (fyuKyuto F 6 noAyuaeM 


D = X1X2 V X1X4 V X\Xs V X1X16 V X1X31 V X2X4 V X2X8 V X2X16 V X2X31 V X4X8 V X4X16 V X4X31V 
x^xis V x 8 x 3 i V xi 6 x 3 i V xix 2 x 4 x 8 xi 6 a; 3 i V XxX^x b V x 5 x 8 xi 3 V x^Xi^^ V £ 29 £ 2 :r 3 i V ^2^1X3V 
x 3 x 4 x 7 V X 8 X 7 Xi 5 V Xi 6 Xi 5 X 3 i V X 2 X 4 X 6 V X 6 X 8 X14 V Xi 4 Xi 6 x 3 o V X 3 oXiX 3 i V X 2 X S X 10 V X10X1X11V 
xnXi 6 x 27 v x 27 x 4 x 3 i V xgXtXg V x 9 xi 6 x 2 5 V x 25 x 2 x 27 V X11X1X12 V xi 2 xi 6 x 28 V x 28 x 2 x 30 V 
^ 16 ^ 2^18 V ^ 18 ^ 1^19 V Xi 9 x 4 x 23 V x 23 xix 24 V Xi 6 XiXi 7 V xi 7 x 4 x 2 i V x 2 ix 2 x 23 V x 4 Xi 6 x 20 V 

X20X2X22 v X22X1X23 v X24X2X26 V X 26 X 4 X 30 . 


6. 3aKJnoHeHHe 


B TiacTo>Tiii;eH paGoTe ycTaHOBjieHa ac h mtito th t i ec kh Tonnan MHHHMajiBHas rpanwna cjiojkhocth 
AH ® nojiHofi ({)Vitkphh no HHCJiy jiHTepajiOB h koht>iohkh 1 hh. K nocTpoeHHio AH® .yauiTOH (J)Vitk- 
h;hh (:bo;imtc>t nocTpoemie AH® iiohth Bcex GyjieBBix (])vhkii,hh c hhcjiom nyaeH, He npeBocxoyHin;HM 
log 2 n — log 2 log 2 n + 1 ( yKypaBaeB and KoraH, 1985 TKypaBjieB and KoraH, 1986 ). 

11pe/yroKena MeTo^HKa nojiyneHHH hhtkhhx Ha hhcjio jiHTepajioB, coflepHcamHxcH b AH®, ko- 
TOpaH MO>KCT 6 bITB npHMeHeHa KaK K aHajIH3y KOHKpeTHBIX AH® KOHKpeTHBIX (jiyHKHJIH, TaK H K 
aHajIH3y CJIOHCHOCTH npOH3BOJIBHBIX AH® HIHpOKHX KJiaCCOB cf)yHKII,ITH. 

IIojiyHeH aaropiiTM nocTpoemra AH® GyjieBBix c^vhk tt hh cneipiajiBHoro Bii/ia, no3BOjiHioin;HH 
cTpoHTB ^H3 r bioHKTHBHbie HopMajibHBie (J)opMBi flocTaTOHHo Majioro paHra. 

IIoKa3aHo, hto npHMeHeHHe yKa3aHHoro ajiropHTMa /ijth nojiHofi c|)yiTKiiHH no3BojiHeT nocTpo- 
HTB AH®, HMeromyiO KaK aCHMnTOTHHeCKI-I MHHIIMajIBHOe hhcjio koht>iohkh;hh, paBHOe n( 1 + o(l)), 
ripH n —y oo, TaK h acHMiiTOTHHecKH MHHHMajiBHBift paHr, paBHBiH 3n(l + o(l)), ripH n —?• oo. 
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